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I. INTRODUCTION 

Brane-worlds models it is an interesting viewpoint of 
the universe dynamics adding new degrees of freedom 
which can help to solve the problems of dark matter 
(DM) and dark energy (DE). In principle, these models 
has been motivated by String theory and M-theory [iHlj , 
where our visible universe can be seen as a 4D manifold 
(brane) immersed in a space-time of more than three spa- 
tial dimensions (bulk) where usually the standard model 
of particles (SM) fields are trapped on the brane, being 
the gravity the only field that escape to the bulk. 

Historically, the models with more spatial dimensions 
begin with the Kaluza and Klein works [SI 'B^, who's, fol- 
lowing the Nordstrom idea, built a 5D theory as an at- 
tempt for unify gravity and electromagnetic forces. A 
novel feature of 5D models is that Mp = M4, the 4D 
Planck scale, is not more the fundamental scale, which is 
M5; additionally, the compact extra dimensions implies 
every multi-dimensional field corresponds to a KaluzaK- 
lein tower of four-dimensional particles with increasing 
masses. At low energies, only massless (at E >> 1/R) 
particles can be produced, whereas at E w 1/R extra 
dimensions are detectable. This is the starting point of 
string theories which, trying to reconcile quantum me- 
chanics and general relativity, postulate a more general 
space-time of 4+D dimensions, where the fundamental 
particles are conceived as small vibrating strings. 

Recent research in string theory and its generalization 
M-theory have suggested the number of dimensions, to 
make a consistent quantum string theory is eleven. In- 
herited in these models are the p-branes (0 < p < 9), 
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which are the fundamental constituents of the universe. 
A brane, where the open strings have their endpoints, is 
called D-brane. Our visible universe can be a very large 
D-brane extending over three spatial dimensions. Mate- 
rial objects, made of open strings, are confined on such 
D-brane, while gravity and other exotic matter such as 
the dilaton can propagate in the bulk. This scenario is 
called brane cosmology or brane-world cosmology A re- 
duction to 5D of M-theory is suggested by Horava and 
Witten [7]. 

The strong coupling limit of the E% x E^ heterotic 
string theory at low energy is described by IID super- 
gravity with the eleventh dimension compactified on an 
S1/Z2 orbifold. The two boundaries of space-time are 
two lObranes, on which gauge theories are confined. Wit- 
ten argued that 6 of the 11 dimensions can be consis- 
tently compactified on a CalabiYau threefold and that 
the size of the Calabi-Yau manifold can be substan- 
tially smaller than the space between the two bound- 
ary branes. Thus, in that limit spacetime looks fived- 
imensonal. A 5D realization of the HW theory and 
the corresponding brane-world cosmology is given in [S]- 
[TUj. These solutions can be thought of as effectively 
5D, with an extra dimension that can be large relative 
to the fundamental scale, providing the basis for the 
Arkani-Dimopoulos-Dvali (ADD) pTj, Randall-Sundrum 
(RS) [I1[T3], and Dvali-Gabadadze-Porrati (DGP) brane 
models of 5D gravity. 

Originally, the brane-worlds models attempted to solve 
the hierarchy problem, namely the large difference in 
magnitudes between the Planck and electroweak scales, 
Mpi/MEw — 10^^. Using the large extra dimensions, 
Arkani et.al. [TT] suppose a D-dimensional bulk with 
the Planck scale M^. The 4-dimensional Planck mass 
Mpi is given by M^j = VD-iMj^^"^ , where Vd~4 is the 
volume of the {D — 4)-dimensional space. If the extra 
dimensions are large enough, even Mz) is in the order 
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of electroweak scale Mu ~ Mew — TeV , one can get 
the correct order of Mpi ~ lO^^TeV , whereby the hi- 
erarchy problem is resolved. In the Randall Sundrum I 
(RSI) model, the mechanism is completely different [H]. 
Instead of using large dimensions, RS used the warped 
factor a{y) — k\y\, for which the mass mo measured 
on the invisible (Planck) brane is related to the mass m 
measured on the visible (TeV) brane by to = e~^y'"mQ. 
Clearly, by properly choosing the distance t/c between 
the two branes, one can lower to to the order of TeV , 
even TOq is still in the order of Mpi. It should be noted 
that the five-dimensional Planck mass M5 in the RSI sce- 
nario is still of the order of Mpi and the two are related 
by = M3fc-i (1 - e-2fc2/<=) ~ A/| for k ~ M5. 

In the context of two-brane models with matter, one 
can naturally to ask if the parameters which determines 
the evolution in time in both branes are related. Binetruy 
et al. 14, has showed that there exists an equation which 
relate the fields in both branes assuming a mutual inter- 
action between them, through a topological constrains. 
For example, in (TSl HH] the authors assume that the 
hidden brane is dominated by a scalar field, trying to 
reproduce the dark matter effect in the visible brane. 

Based in the RS models and in the previous results 
founded by P^THTO] , this paper focus in generalize the so- 
lution founded in [17) for a vacuum 5D bulk in which we 
propose the metric coefficients with a particular mathe- 
matical structure. This formalism generates a dynami- 
cal equation for the Hubble parameter in our brane He 
closely related with the dynamics of the hidden brane Hq ; 
in the other words, the fields immersed in the hidden 
brane generates dynamics in the visible brane through 
gravitational effects. First, we study a toy model with 
equations of state (EoS) constant and the repercussions 
in the mutual brane evolution; on the other hand we 
study as a particular field election a scalar field as respon- 
sible of the inflationary dynamics in the hidden brane. 

The present paper is organized as follows: In Sec. |TT] 
we explore about the mathematical solutions for a sys- 
tem with two branes with a cosmological constant be- 
tween them, obtaining from the 5-dimensional Einstein 
equations, the corresponding differential equations and 
boundary conditions for the two branes. We solve the 
aforementioned equations and found a family of exact 
solutions for the metric coefficients. In Sec. |III| we apply 
the solutions to the boundary conditions and give the 
equations that relates the cosmology in both branes; a 
particular cases are studied for a single component, in- 
flationary scalar field in the hidden brane, and the effect 
on the visible brane. Finally, the conclusions and remarks 
are presented in |IV[ 

We will henceforth use units in which c — h = 1. 



II. TWO BRANES EMBEDDED IN A 5D 
SPACETIME. 

We propose the basic equations for this model assum- 
ing two branes (visible and hidden) embedded in a five 
dimensional manifold. We start writing the five dimen- 
sional action as 

(5) i 

(1) 

where 3(5) is the five dimensional metric, /t(5) is the five 
dimensional gravitational constant, i?(5) is the five di- 
mensional Ricci scalar and C corresponds to the scalar 
field Lagrangian for the visible and hidden brane respec- 
tively. We propose that the two branes are located in 
y = and y = yc respectively, both brane are immersed 
in a homogeneous and isotropic 5-dimensional manifold 
where the most general metric can be described as 

ds2 ^ -n'^(t, lyDdt"^ + a^(t, \y\)g,jdx'dx^ + b^{t, \y\)dy'^ . 

(2) 

As an important feature, we impose the symmetries enu- 
merated in the following way: 

1. Refiection, (a;^,j/) (x^,— y) 

2. Compactification, {x'^,y) {x^^^y + 2iyc), i = 
1,2,... 

Similarly, we demand that each metric coefficients 
a{t,\y\), n{t,\y\) and b{t,\y\) are subjected to the con- 
ditions HO] 

[FX = 2F'|,.o+, (3) 



[F'l^-2F'\y^y^., (4) 



F" = ^^^^ + [F\ Siy) + [F'l S{y - y,), (5) 

d\y\ 

where the prime denotes derivate with respect to y, the 
square brackets denotes the discontinuity in the first 
derivative at the positions y = and y = yc and F is 
a generic function which meets the above conditions j20j . 

The equation ^ is obtained if we demand that 
d\y\ /dy = 1, and \y\ jdy" = 2<5(y) - 28{y - y^), for 
y G [0,yc]. The subindex will be used for quantities 
valued at y = 0, whereas a subindex c will be used for 
quantities valued at y = yc- Now, in order to obtain 
exact dynamical solutions, we write the five-dimensional 
Einstein equations, (See Appendix [A]), for the metric ([2]) 
together with the energy momentum tensor as 
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~ A 'A 



S{y~ yo) 



diag{- Pa, Pq,0) 



(6) 



where the first term corresponds to the bulk contribution 
and the second and third term corresponds to the branes 
embedded in the 5D manifold. Usually the term is 
in the form of a five dimensional cosmological constant, 
namely 



AB 



As 

—9a 



K 



(7) 



(5) 



where using the equation V^G^ = 0, immediately yields 
the conservation equation 



Po + 3(po + po) 



Oq 

ao 



0. 



(8) 



According with the Israel junction conditions [2T], we 
describe the presence of an energy density in terms of a 
discontinuity in the metric across the origin in the extra 
coordinate. So, following Wang notation [2D] we obtain 
the metric coefficients that satisfy the following boundary 
conditions 



a' 







"(5) 



Po, 







"(5) 



nobo 



(3po + 2po). 



(9) 
(10) 



This implies that the jump in the first derivate of the 
metric coefficients is proportional to the energy density 
across the origin. Similarly, in ?; = j^c, we have 



Qcbc 
Hrbr 



"(5) 



"(5) 



{3pc + 2pc). 



(11) 
(12) 



Following Langlois [T7], the (0,0) component of Einstein 
equation (See Appendix IaI) gives 



= ka-'-^+C^„a-\ (13) 



where C^^ is the called dark radiation contribution |22j . 
On the other hand, Cos = k^c^^Tq^ = (which physically 
means that there is no fiow of matter along the fifth di- 
mension) implies 



n 



(14) 



Using the previous equations, in the following subsec- 
tions of the paper we solve the equations (13) and (14) 
in different scenarios. 



To obtain the exact solutions of the equations ( 13 ) and 
( 14 ) in a vacuum bulk we propose the following ansatz 
(see Appendix IaI 



^ = A(t)a"/2, 



(15) 



where substituting in the equations ( 13 1 and ( 14 1 imme- 
diately yields 



6 = Ca™/^ 



± Ca'"/2. /a2 a™ + /c 



As 
6 



(16) 
(17) 



where C is an integration constant and the term be- 
have as curvature, cosmological constant (CC) and dark 
radiation when to = 0, 2, —2 respectively. 

On the other hand, cosmological observations 
(WMAP-7) confirms that the universe fits very well with 
the flat geometry fc ~ 0. Equivalently, the additional de- 
gree of freedom corresponding to the dark radiation, can 
be constrained with the CMB observations to be no more 
than ~ 5% of the universe density with the aim of allow 
nucleosynthesis . Under the previous assertions, we 
elect that k = = and the propositions that the 



(5) 



0. 



five dimensional CC is negligiblcrl A 

So, integrating (17 1 and using tne boundary conditions 
(9p2 ) with the addition of the equation ([3|, we obtain 



a{t,y) = ao 
n{t,y) = no 



1-f (TO-l)-^po6oy 





1/(1-™) 



^^+2 + 3wo) ^Po6oy 



, (18) 
X (19) 



l + im-l)^poboy 



m/(2-2m) 



b{t, y) = bo 



l + {m-l)^Poboy 





m/(2-2m) 



(20) 



where to 7^ 1. Notice that for to = we recover the 
linear solutions founded by Langlois [14 and for to = 2 
and ojq = —1, we find a conformal RS metric]^ 



1 In Appendix [Bj we show an exact solution using separation of 

variables method. 
^ See Appendix Jc] for a general solution in a not vacuum bulk. 
^ Even though it is similar to the metric for a RS cosmology, we 

need non-constant values of ao , no and bo ■ Note in this case, from 
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III. COSMOLOGICAL ANALYSIS BETWEEN 
THE BRANES. 



Single component on the y=0-brane with ojq 
constant 



In this section, we study the cosmological results as- 
sociated with the model using different components im- 
mersed in the branes. 

Starting with the solutions ( 18p0 1 in equations (9 



12) 



we can prove that the following expressions for and uj^ 
can be written as 



(5) 

1 + (m - l)—^PQbQy. 
o 



(m-2)/(2-2m) 



0.0 + (f + 2 + 3c^o)(f - 1)4Ppo6o?/c 
l + (f +2 + 3c^o)%Pofooyc 



(21) 



(22) 



where we have supposed that the two branes are domi- 
nated by a perfect fluid component, i.e. pg = ujqPq and 

Pc = UJcPc- 



Now, turning to Eq. (13 1, and considering the afore- 
mentioned particular case = A5 
that 



0, we find 



±- 



ab 



(23) 



Taking into account the boundary conditions ^ and 
(111, we can write the Hubble parameter in the two 



branes as 



As an example, let us consider the case m = and 
ujQ ~ const i. e. a bulk metric that is linear in y, and the 
y = 0-brane is dominated by a single component. From 
Eqs. (Isl), pll) and we obtain 



T _^ l-X-^ + {2 + 3i.o)lnX 
R 3 (1 + Wo) 



X 



1-X' 



(29) 



where T = t-U , X ^ Po/po* , Po* = PoiU) , R = &o2/c 
is the radius of compactification, and ujq 7^ —1. The 
constant is an epoch in which p^^ = K^g^6o?/c/6, i. e. 
proportional to R. There exist two cases that guarantee 
positive solutions for iJ^ in the y = j/c-brane, namely 
< X < 1 when the sign is —1 and X > 1, when -|-1, 
which are shown in Fig. [l] 



B. Inflationary scalar field component on the 
y=0-brane 

Consider now m = and a scalar field (f> on the y=0- 
brane with evolution equations given by 



-Wo = — — T 
ao 



Hr 



= ± 



^(5) 

6 

.2 

"(5) 

6 



noPo 



ricpc 



(24) 



(25) 



To be consistent with a FRW metric on the y = j/c-brane 
we impose = 1. So, using (19) and (21), we obtain 



"(5) 



"(5) 



Po 



Po 



1 + (m - 
1 + f^^ 



-^Poboyc 



-m/(2-2m) 



3a;o 



-^Pobayc 



(26) 



k2 

1 + (m - l)——p()boyc 
6 



-| (m-2)/(2-2m) 

(27) 



when (jjQ is a constant, and from it we obtain the evolution 
in time for Hc{t). The sign =F is chosen such that we 
obtain an expanding universe within the y = j/c-brane. In 
the next, we consider two interesting cases when m = 



Eq. |[2TJ, we also have po = —Pc- To recover the RS solutions, 
we should keep A5 7^ and A = in Eq. \17\ . 
* In Appendix^we analyze the case m 7^ in two different regimes 
for ao 



Po 



Po 



(30) 

(31) 
(32) 



with a power-law infiation described by the exponential 
potential, V{4>) = Vbe^"^. In the slow-roll hmit, 0^ < 



2V{4>) and < 3Ho(f>, the Eqs. (26) and are similar; 



so, integrating them, it is straightforward to obtain 



7-1 
7 



a(7-l) 



e±-A - 1 



(33) 
(34) 



Eq. (pll), together with Eq. (Is]), gives a solution for pQ{t) where 



1 



nURVoe' 



6^5) 



«(5) 



(35) 



Note, when the sign is (-I-), aT/R ^ 1 and 7 > 1 we have 
an expanding universe in our brane, being 0* constant 
in a t* time. Another possibility to have an expanding 
brane is to take sign (— ), < ct < 1 and < 7 < 1. As 
an example, It is to showed in Fig. [2] the evolution of 
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FIG. 1. Evolution of HcR as a function of T/R when m = 
and LJo G [-2/3,1/3], see Eqs. ([28|. (Upper) The case 
< X < 1 and sign (— ); note that HcR approaches zero 
when T/R » 1. (Bottom) The case X > 1 and sign (+); 
here H^R approaches the unity when T/R >> 1, except for 
ujo = —2/3, which is shown separately. The insets in both 
figures show, from Eq. ( |22[ ), the evolution of ljc as a function 
of T/R in each case. 



the Hubble parameter and the scale factor in the visible 
brane, firstly for cr = 0.1, 7 = 2 and sign (+), and later 
for a — 0.1, 7 = 0.9 and sign (— ). 

Analogously, a useful expression to understand the 
inflationary behavior in the brane world context it is 
through the e and rj parameters vifritten in the follow- 
ing form [22] 



2 










F(0)3 







-4 y"(0) 



"(5) 



= 2e< 1 



< 1 (36) 



(37) 




T/R 




T/R 

FIG. 2. Evolution of HcR (Blue ) an d Uc/ac, (Red) as a func- 
tion of T/R (see Eqs. ( |33[ ) and (34l). (Upper) the case when 
a — 0.1, 7 = 2 and the chosen sign is (-|-). (Bottom) the 
case when a = 0.1, 7 = 0.9 and the chosen sign is (— ). Note 
in both cases, we have an exponential expanding scale fac- 
tor, while the Hubble radius remains constant in the given 
interval. 



Immediately, we observe, from Fig. [3] that the election 
of the sign ± is crucial to obtain an inflationary or not 
inflationary brane. In the case (-I-), we note, from Eq. 



(361, the brane expands forever, while in the case (— ), 
we can note that the expansion will eventually end. 

Finally, the numbers of e-foldings in the model can be 
computed using the following established equation 



N 



d4.V{<ly) 



VoB 



H^e-^^dc^, (38) 



where He can be obtained form the equation ( 33 ) assum- 
ing the inflationary exponential potential. 

Note, the exponential expansion behavior is recovered 
in our brane, as a result of having a scalar fleld in the 
hidden brane. If we suppose in our brane there exist 
only Standard model fields, they are not playing a crucial 
roll at least until inflation ends. In the next section we 
explore about the possibility to have dark matter fields 
in the hidden brane, such that they induce the behavior 
of dark matter in our brane. 
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T/R 



FIG. 3. Evolution of e as a function of T/R (see Eq. ([36|)). 
(Purple) The case when a — 0.1, 7 = 2 and the chosen sign is 
(— ); in this case the brane will expand forever. (Brown) the 
case when a = 0.1, 7 = 0.9 and the chosen sign is (+); in this 
case the inflation will end. 



IV. CONCLUSIONS AND REMARKS 



We had to showed there exist a relationship between 
the cosmologies in both branes, strictly speaking the en- 
ergy density behavior in one brane affects the energy in 
the another one such as in the Randall Sundrum cosmol- 
ogy which is a particular case in our analysis; we have 
recovered, and generalized, the expression found by Lan- 
glois [H] for two branes and the evolution for the Hubble 
parameter in our brane is recovered as a consequence of 
the 5-D geometry (given by m) and the dominant com- 
ponent in the hidden brane (given by luq). We focusses 
only in the vacuum bulk case because it has an exact 
solution. Supposing the hidden brane is dominated by 
a single component, (wq = 0) and a particular geome- 
try (to = 0), we obtain exact solutions for the Hubble 
parameter as a function in time. The scalar field com- 
ponent in the hidden brane is also considered, where the 
potential is exponential in (/>, and, as consequence, an 
exponential expansion is recovered in our brane. The be- 
havior of a scalar field dark matter in the hidden brane 
and the visible effects in our brane will be studied in a 
future works. 
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Appendix A: 5-D Einstein equations 

The five-dimensional non zero Einstein tensors, G . 



for the metric ^ are written as 




G55 — 3- 



a n' 

1 


ba' 








a n 


a 














a 


a 




n J 




- H 
a 


h - 
a 



3fc 



62 



In the interval < y < yc, the Einstein equations. Gab — 
Kf^)TAB, reads 



Y' XW 
b ab 



a2As 



X 

n 



bn 



{Z' -W) = fc-a2A5, 



W = a 
Z = a 



X^ 

Y 

A' 



X YZ 
n an 



(Al) 
(A2) 
(A3) 
(A4) 
(A5) 



where 

X = 



aa 
n 



Y = 



aa 

IT 



Z = 



(an)' 



W = 



(ab) 



(A6) 



Substituting (A3 1 in (Al) and integrating, we obtain 

4A5 



Y' 



X^ = a^k 



6 



constant 



(A7) 



which is Eq. (13) if we identify the constant with G^^^. 
Note that the Eq. (|A3| and Eq. (|A4|) are both the same 



than Eq. ( 14 ) 



An exact solution for the metric coefficients is obtained 



when X = \{t)f{a). Substituting this ansatz in (A6I, 
this implies. 



(AS) 



\{t)f{ay 

Now, we can integrate Eq. ( |l4| ) to give, 
5 = cM, 



(A9) 
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Finally, from ( A7 ) we obtain a differential equation for a 



k- 



a V ' ' \ a J 6 

(AlO) 

Usually, to have a stabilized bulk, h is taken to be the 
unity, and therefore, f{a)/a = [T71I23]. In this paper, 
we take a general form f{a)/a = a™/^, which is the case 
of non-static internal dimensions. 



Appendix B: General solutions with separation of 
variables 



We can solve (13) and (14) exactly when the metric 



coefficients can be written as 



a = at{t)ay{y) 
n = n{y) 
h = b{t) 



(Bl) 
(B2) 
(B3) 



Under this ansatz and using ^ and ([12]), Eq. ^ gives 
the solutions 



n — kitty 



-(2 + 3a;o) = -(2 + 3^^) 



(B4) 
(B5) 
(B6) 



where ki, k2, a are all constants. Note in this case, 
ujQ — (jjc both constants, and therefore, the evolution is 



similar in both branes. Using this results in (13), the 



metric coefficient a{t,y) must satisfy the follow differen- 
tial equation. 



2{a-l) 



at 



k2ay J \kiat^ 

^5 , ^ -4 -4 

+ '^DRO-t ay , 

This last equation is solvable only in four cases: 

A5 = Cdb. = 0; a = 0,1 
K = Cdr = 0; a = 0,1 
K = A5=0; a = 3,-3 



kat ^fly 2 



1. k ^0 

2. As 7^0 

3. Cdr^ 



(B7) 



k = A5 = Cdr = 



a = any 



The signs for the constants is determinant for the solu- 
tion. 



Appendix C: General Solutions in a not vacuum bulk 



Returning to Eq. (17), the general metric that solve 

y 

da = ±Cy. (CI) 



the 5-D Enistcin equations must satisfy 

pa ^l-m/2 



This integrals is only solvable for m = 0, 2, —2. The case 
m = is easy to solve and it is showed in |17j the general 
solution. The other two cases can be solving only with 
elliptic integrals. 
For m = -1-2, 



F 
where 



la, ^R-/R+] = ±v/^+(A2-A5/6)Cy, (C2) 



a 



R± 



-fc± v/fc2-4C„,(A2-A5/6) 



2(A2-A5/6) 



< - ^Ag, 

6 



For m = —2 



F 



sm 



-^a,^R7jR] 



E 



-A. 



6R- 



-Cy, 



(C3) 



where 



i?4 



-fc± VP+4A5(C„,+A^)/6 
-2A5/6 



being F{x, y) and E(x, y) the incomplete elliptic integrals 
of the first and second kind respectively. 



Appendix D: Two limit cases 



Solving Eq. ([8| for ojq constant, and using ( 16 1, we can 
write 



Pobo = TCa'^^^-^^^+'^"\ 



(Dl) 



We want to know how is the evolution for the Hubble 
parameter He as a function of Oc, when oq << 1 and 
later when oq >> 1. Note, the sign of m/2 — 3( 1 + ojq) 
determines the convergence or divergence of (|D1[) 



1. ao « 1 case 

We are interested in a very small value for ao such that 
.^2 



[m - l)—^Poboy, 

D 



» 1 



(D2) 



8 



when m/2 — 3(1 + uiq) < 0, and 



ao >> 1 case 



{m - l)^poboyc 

D 



« 1 



(D3) 



when m/2 — 3(1 + ujq) > 0. Using this Hmits in ( 18 ) and 
(27) with aid of (Dl), we obtain, 



-m/2 



'{m-l)Cya 



LOq > 



(D4) 



In this case, we are interested in a very large value for 
flo such that 



{m - l)-^pQboyc 
6 



when m/2 — 3(1 + wq) > 0, and 

{m- l)^Poboyc 
6 



» 1 



(D5) 



« 1 



(D6) 



when m/2 — 3(1 + ljq) < 0. Using this hmits in ( 18 1 and 
(27) with aid of (iDll), we obtain. 



' (m-l)Cae 



-m/2 



WO < ^ - 1 



(D7) 



Wo > 



1 



This last result shows the inherited cosmology in the 
branc y = yc when the bulk have a particular topology 
(given by m) and when the brane y = is dominated by 
one only component (given by ujq) in a vacuum bulk. 
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